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THE FORCED FLOW DUE TO HEATING OF A
ROTATING LIQUID

By T. V. DAVIES, King’s College, London

(Communicated by G. Temple, F.R.S.—Received 14 June 1955)
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An investigation is made of the forced liquid motion in a rotating cylindrical vessel with a hori-
zontal base when a temperature difference exists between the outer and inner cylindrical boun-
daries of the liquid. It has been observed experimentally that at critical values of a certain
non-dimensional parameter, known as the Rossby number, the flow patterns change abruptly in
character. The present investigation derives a stability criterion which agrees qualitatively with
the experimental results and also gives reasonable quantitative results. In the derivation of this
result it is shown that there exists a relation between the mean vertical temperature gradient, the
mean horizontal temperature gradient and the angular velocity of rotation of the system.
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1. INTRODUCTION

The dishpan experiments by Fultz in Chicago and Hide’s heated rotating cylinder
experiment at Cambridge have been described by Fultz (1953), and the importance of the
experiments to meteorology has been established by Starr & Long’s (1953) investigation
of the transfer of momentum. Theoretical work which has as its aim the understanding of
the thermodynamical and dynamical processes has been initiated by Kuo (1955), Lorenz
(1953) and bythe present author (1953). In this paper it is proposed to investigate theoretic-
ally what has become known as the Rossby régime in these experiments which is the régime

2 of principal interest to meteorology.

> P In the typical experiment a shallow liquid of suitable low viscosity is contained in a
2 : cylindrical vessel, or in the annulus between two concentric cylinders, the usual dimensions
» 5 in the former case being a radius of 15 cm and a liquid depth of about 3 cm. The effects of
0O heating the horizontal base of the vessel near the side have been observed for various rates
= of rotation of the vessel about its central axis. The heating in such experiments is approxi-

mately symmetrical about the central axis, and the difference in temperature between the
outer portions of the liquid and the central portions is usually between 5 and 15°C. In
Hide’s experiment and in recent experiments by Fultz the outer and inner cylinders are
maintained at constant temperatures, 7, and 7} (T, > T;) respectively, and the observed flow
patterns are then considerably more steady and more controlled. Two principal régimes
have emerged which are referred to as the Hadley or spiral régime or low-rotation régime
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28 T. V. DAVIES ON THE

and the Rossby or wave régime or high-rotation régime. In the former the motion near
the free upper surface is predominantly symmetrical about the central axis, and the stream-
lines and the paths of the particles spiral inwards towards the central axis. Within the
liquid and near the base of the vessel the liquid spirals outwards, and in the case of two con-
centric cylinders this outward spiral persists at all distances from the central axis. When the
vessel rotates from west to east, as in the case of the earth’s rotation, there is a deflexion to
the right as in ‘Ferrel’s rule’, so that the inflowing spiral at the top winds counterclockwise
when viewed from above and the outflowing spiral near the base winds clockwise. In the
case of one outer cylinder and liquid occupying the whole of the interior, the outflowing
spiral near the base does not wind clockwise for all radii, and it has been shown by Fultz
that in this case the flow near the outer cylindrical wall is in the reverse direction. This
reversal is necessary in order to preserve the angular momentum balance and is a feature
of the mathematical solution investigated by the present author (1953). In the Rossby
régime, on the other hand, the motion is markedly asymmetrical in character, and the
stream-line pattern of the free upper surface, observed relative to the rotating vessel, con-
sists of distinct finite-amplitude wave patterns which progress slowly relative to the vessel
in the same direction as the rotation. With a fixed heating system at the base or with a
constant maintained temperature difference between the outer and inner cylinders, the
transition from the Hadley to the Rossby régime occurs at a critical angular velocity of
rotation €, of the vessel. The range 0 <Q <, of the angular velocity then corresponds to
the Hadley régime and Q> to the Rossby régime. When Q is just slightly above Q, the
number of wave petals in the stream-line pattern is usually small, and as Q increases from
this value the number of petals increases, a three-wave pattern, say, giving way to a four-
wave pattern and so on. This is evidently a stability problem, and one of the aims of this
investigation is to seek to explain why the spiral régime becomes unstable at a critical
angular velocity and why an m-wave régime moves over to an (m-1)-wave régime at a
different critical value. Qualitatively, it is fairly clear that the spiral régime cannot exist
indefinitely as € is increased ; for with increasing rotation there is a tightening of the spiral
in the inflow towards the central axis in the upper portion of the liquid, and thus the
efficiency of the liquid as a convector of heat steadily diminishes; therefore, a critical stage
necessarily arises when the liquid chooses a new method of convecting the heat. In addition
to the stability problem, the theory must predict a formula for the angular velocity of the
waves relative to the rotating vessel which must bear comparison with certain empirical
formulae derived by Hide (1953).

The three-dimensional structure of the wave patterns in the Rossby régime have now been
explored to a certain extent, and it would appear that the structure is similar to the long
atmospheric waves in that the liquid which is moving inward (towards the central axis) is
ascending while the outward moving liquid is descending. In addition, there is a phase
shift of the waves in the vertical direction.

One feature of the experiments which cannot be investigated here is that called ‘vacilla-
tion’ by Hide. This is an oscillation of the long wave about its original horizontal axis of
symmetry which occurs when the amplitude/wavelength ratio exceeds a critical quantity
0-67. This is probably a non-linear phenomenon, and the present investigation, which is
entirely ‘linear’, cannot hope to cast any light upon the feature.
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 29

In their discussion of the experimental results both Fultz and Hide adequately express
their results in terms of a single parameter called the Rossby number, which is introduced
in the present paper in (1-18) where it is denoted by R,. Fultz (1953) uses the Rossby
number Ro, which is identical with the present R, and broadly his experimental results
can be summarized as follows. The Hadley or spiral régime is ‘associated with values of

Roin general greater than some limit in the interval 0-2 to 0-6” and ‘in the Rossby régime
* Roy has values of the order of 0-1°. In general, higher wave numbers appear as Ro, (or Ry,)
is decreased although experimentally there is an overlap of the Ro; intervals in which two
neighbouring wave numbers can exist. Some of the experimental figures quoted by Fultz
(1953) are incorporated in table 5 later in this paper, and there is a further discussion of
the experimental results also towards the end of this paper.

In setting up the problem, which is essentially three-dimensional, I use cylindrical co-
ordinates (r,4,z), and there are six dependent variables (u,v;,w;,p;, 0, 17), where u,
represents the velocity component in the direction r increasing, v, in the direction ¢ in-
creasing, w, in the direction z increasing, where p, is the pressure, p; the density and 7] the
temperature. Connecting these six dependent variables are the following six equations:

du; of\ _ dp 2, M g(?v) aXl op, .
(G 5) =~ Ba(Vu ap) V3G = iy (1)
do, w0\ _ ‘7/71 vy %%) ‘7X1 _ Pl »
Pl(_d‘t‘+7) = g +/"(Vlvl ) +3 3¢ +3‘ur(?¢ T rdg +uky, (1-2)
d 9 9 -
2 é’;l 5[) l“gp1+ﬂV%w1+%—ﬂ% —[ﬂ~—gp1+ﬂF ; (1-3)

dp, _ _ Oy dv, | dw, g
Fam= 0 n= G (1-4)
Sp,, 1Y) =0, (1-5)
pide, Sk = EVIT 4+, (1-6)

2 19 18 '

where Vi=aatiantrig iz (17)

Equations (1:1) to (1-3) are the equations of motion, (1-4) is the equation of continuity,
(1-5) is the equation of state for a liquid and (1-6) is the equation of heat transfer for a liquid.
We consider first of all the equation of state which, within the temperature range of the
experiment, can be chosen to be a linear relation between density and temperature. One
of the important features of the experiment is that when the mean temperature field of all
the planes ¢ = constant is obtained it reveals that there is an increase of temperature from
the base to the free surface of the liquid and an increase of temperature from the central
axis (or inner cylinder) to the outer cylindrical wall. It is quite evident that we may regard
the temperature pattern in any ¢ plane to be a small departure from this mean temperature
pattern. Accordingly, we shall write the density and temperature in the forms

p1=p*(r,2) +p(r,$,2,2), (1-8)

T, = T*(r, Z)+T(7‘, .z, t)z (1-9)
4-2
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30 T. V. DAVIES ON THE

where p* and T* represent the mean meridional fields of density and temperature respec-
tively and are functions of 7, z only, while p and T represent the small departures from the
mean values. Using the linearity of the relation between density and temperature, we thus

have the relations p* = py—a(T*—T,), (1-10)
P :—-aT, (1'11)

where p,, is the constant density of the liquid at the temperature 7; and « is the inverse of the
coeflicient of cubical expansion. Using the results quoted in Davies (1953), the appropriate
value of « for the range 20 t0.30° Cis @ = 2:5563 X 104,

Owing to the presence of this mean temperature field there will be established a mean
zonal motion, in the ¢-increasing direction, relative to the rotating cylinder. Accordingly,
we shall assume that the complete velocity field is given by

U = u(r, ¢, z, t): U = ”Q‘F%(ﬂ Z) +'U(7', ¢a z, t)s Wy = w(r: ¢: z, t): (1.12)

where Vj(r, z) is the mean zonal flow relative to the cylinder which rotates with an angular
velocity Q. The expression for the pressure will be

b1 = Py(r,2) +p(1, ¢, 2, t), (1'13)

where P, is the mean pressure arising from the mean zonal flow and hydrostatic sources.
The equations which govern the mean zonal flow patterns are as follows:

oP, ~

—po(rQ+ V)2 r = =22, (a)
7
0= Vil—23 ()
__95 * | (1-14)
0 =—7"—gn% ()
P =po—(T*=T5), (d)

0=JEViT*+®, (o)

In (1-14¢) the function @, which represents the dissipation of energy due to molecular

viscosity is here given by
o554 ()
=M\ 7 iz] |’

and in (1-14 «) it will be noted that the constant density p, of the liquid appears on the left-
hand side in place of the exact p*. Since the difference is small, equation (1-144) is suffi-
ciently exact in this form. It is not practicable to seek or to use any exact solution of the
equations (1-14) for the resulting equations for the perturbation field become completely
intractable in this case. We postulate therefore a basic temperature field in the form

T% = Ty+ Opz+ 3204, (1-15)

where ®, and @ are positive constants. A recent set of temperature measurements by Fultz
in the case of a three-wave pattern between concentric cylinders gives some idea of the
magnitude of these constants, these being 0, = 1-45°/cm, ®y = 0-16°/cm2. It is important
here to emphasize the positive sign of ®, and it is necessary to bear in mind that in making
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 31

any comparisons with meteorology the quantity that corresponds to 7* is the potential
temperature, which increases in value in the vertical direction. In order to derive the
velocity field arising from (1-15) we write (1-144) in the approximate form

polr2+207) =

-

since ¥}, is everywhere considerably less than 27 at the corresponding value of 7. It then

follows that
v, dT*

29/’052 =g

(1-16)

and thus the solution for ¥, which satisfies (1-14 5) and the condition J; =0 at z = 0 is
Vo = 2QR,(z[h) 7, (1-17)

where £ is the depth of the liquid in the experiment and Ry is a non-dimensional constant
defined by

_ geh®y .
Ry = 0.0 (1-18)

The velocity field (1:17) cannot be correct for all values of 7, since at the boundary r = 7,
V, actually vanishes, but within a region 0<r<r,<r,, which includes the central axis, it
can be accepted as an approximation to the mean velocity field (see table 1). An alternative
procedure would be to choose ¥ to be that zonal flow which is derived in Davies (1953), so
that Vjoc J,(fr), which is known to represent the zonal field reasonably well; this, however,
makes the perturbation equations intractable. With the temperature field (1-15) and the
velocity field (1-17), equation (1-14¢) cannot be satisfied, and it is necessary to supply heat
to the liquid in order to maintain this distribution. Although many of the assumptions intro-
duced in this basic flow are rather crude, the important feature of ‘baroclinity’, which is
the meteorological term for the non-coincidence of the isobaric and isothermal surfaces, is
certainly incorporated in the above basic fields through the constant ®,, and we shall later
find that the non-dimensional parameter R in (1-18), which depends upon ®,, plays an
important role throughout the work. Both Fultz and Hide introduce a non-dimensional
parameter similar to (1-18); this will be discussed at greater length later in the paper.
It may be observed here, however, that R, is a type of Richardson number although not
in the conventional sense which refers to density and velocity gradients in the vertical; it
is later interpreted as the Rossby number of the problem.

TaABLE 1. MEAN VALUES OF J; MEASURED ON THE FREE SURFACE AT VARIOUS RADIAL
DISTANCES 7 MEASURED FROM THE CENTRAL AXIS. (AFTER STARR & LoNG)

V, (cm/s) 0-0705 0-1413 02449 04119 07290 0-6375
r (cm) 250 500 750 10:00 12:50 1375

The equations which govern the perturbation field are now assumed to be the linearized
form of the set (1-1) to (1-6) when products and squares of the terms u, v, w, p,p and T are
neglected. The three equations of motion which result are then found to be as follows for
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32 T. V. DAVIES ON THE

the motion relative to the rotating cylinder, in which ¢ now refers to longitude relative to
a fixed radius in the cylinder:

a 1, AN o u 20dv 10y )
/’0{(at+ a¢)” ”(29+7)}““W*”{Vlu“ﬁ"ﬁaﬂm} (119)

d V d o, W 2, Y 20u 10y .
o {( a¢) (2Q+ + 07)} 3¢+ﬂ{V1 ﬁ+ﬁa¢+3ra¢}’ (1-20)

0 Ko — 9 5, o 10X .
Po( +-= r a¢) w _“az +go‘T+/‘(Vlw+’3'ﬁ) s (1 21)

where y is the divergence defined by
du u dv  dw

0r+r+ﬂ7¢+(?z (1-22)

It will be observed that the density in these equations has been replaced everywhere by
its constant value p, at temperature 7, except, of course, in the buoyancy term, where it is
replaced by the value —a7 from (1-11). Furthermore, in (1-20) the term wdl}/dz has been
ignored in comparison with the other terms on the left-hand side which are horizontal

~velocity terms; it will be evident later that this approximation is fully justified. In the
equations of continuity and heat transfer a new type of approximation is incorporated in
the following way. We have

dT, (0 Vytvd | 9
=t g ety a)(T +7)

& *
_QI g%-;- a; +w 887; +second-order terms.

Using (1-15) we may here replace d7*/dz by 0, and d7*/dr by r®. If the resulting equa-
tions are considered with this operator in the heat-transfer equation it is found that they
are quite intractable, since the method of separation of variables is not applicable. It is
proposed, therefore, to replace the velocity component # by its ‘geostrophic value’ in the
unsteady case. Precisely what this implies will be seen in the next section, and here it is
sufficient to state that ru is to be replaced by —F(z) dp/d$, and accordingly we may write
the above expression in the form :

dT; a V,0 v
_d_zl = (_+ 3 ¢) T—0uF(z) f ¢+®Vw+second-order terms, (1-23)
and in this case the equations of continuity and heat transfer become
d Wy
a{( 0¢) T—04F(2) a¢+®yw} PoX (1~24)
_ ‘ d V
and Poc, {( o ¢) T—0,F(2) ¢+®,,w} kVET. (1-25)

We now have five equations, namely, (1-19), (1-20), (1-21), (1-24) and (1:25), between
the five dependent variables u, v, w, p, T, and these equations form a consistent set.
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 33

2. THE METHOD OF SOLUTION OF THE PERTURBATION EQUATIONS

We first of all assume that the dependent variables are of the form

(u,v,w,p, T, %) = (u,v,w,p, T, ) exp (img +iot), (21t

where m is the wave number of the perturbation and ¢ its frequency. The five equations
governing the perturbation motion are then

. / 2i
ipo0'u—2p Qv = ——£+7 0x +ﬂ(V2u— - ”2“’), (2-2)
r 2
ipgo'v+2p,Q'u = ~!n:—10+ln—?’lc+y(V2v 2+21mu) , (2-3)
ipgo'w = —zp—i-yg —|—gocT+,uV2w, (2-4)
ou u ow)
ofio’ T—im@p F(2) p+ Oyu} = pofge-+ 4+ 22+ T = oy, (2:5)
Poc Al T—imOgx F(2) p+ Opw} = kV?2T, (2-6)
2 10 92 m?
where y = 3, V= =ty a o (27)
and where ¢’ and Q' are defined by
o' = 0+2QR,(z/k) m,} (2-8)
Q' = Q+2QR,(z/h).

It is of interest to note at this stage that the incorporation of the ‘baroclinicity’ through the
term R has the effect of making both the frequency term ¢’ and the Coriolis term €'
depend upon z, so that the effective frequency and effective angular velocity will vary from
one level to the next.

The next step consists in separating the variables 7 and z in equations (2-2) to (2-6).
This was done originally by recasting the equations in such a way that z+iv and z—iv
replace « and v as dependent variables. The detailed method need not be explained, and
it is sufficient to state that when two new variables £(z) and 7(z) are introduced so that

2u — (2) "0y 2) G, (2:9)
2iv = —£(2) Calpr)+1(2) "L, (210)
w = W(2) Clfr), (2:11)
p = P(2) C,(fr), (212)
T = 1(z) C,(fr), (2-13)
X= XO(Z) Cn(Pr)s (2-14)
where C,,(w) is a solution of Bessel’s differential equation of order m

1 No confusion will arise from the use of the same variables on each side of this equation.
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34 T. V. DAVIES ON THE

the variables 7 and z in (2-2) to (2-6) become separable. The five resulting equations for
&£(z), 7(z), W(z), P(z) and 7(z) are then the following five ordinary simultaneous equations:

ip,0'E+2ip, Uy = ﬂ(dzz ﬂzﬁ) | (2-16)

ipo0'n+ 200V = 26(P—yxe) +u( A1) (2:17)

i W= =~ (L) S ). o1
ofio’r—imOy F(z) P+ O, W} = $po Sy ‘I‘ﬂo%l;! = PoXo> (2:19)
¢,pofio"T—im@y F(z) P+ Oy W} — k(‘izlz ). (2-20)

In their present form these five equations apply to a wide variety of heating problems in
cylindrical co-ordinates.

It is of interest to note at this stage that the function C,,(fr) is any solution of (2-15), so
that for a liquid bounded by one outer cylindrical wall, we may utilize the function J,,(fr),
which is finite at 7 = 0, and for a liquid between two concentric cylinders we may utilize
the function a,,J,,(fr) +8,Y,(fr). In each case the resulting form of the equations (2-16)
to (2-20) is unchanged. This implies that there is no essential difference between the two
types of experiment as far as the stability characteristics are concerned, for these depend
entirely upon the parameters entering into equations (2-16) to (2-20) and upon the similar
boundary conditions at z = 0 and z = A.

We consider next the boundary conditions of the problem. At the side wall of the vessel the
exact boundary conditions will evidently be # = v = w = 0 atr = r,, but since the equations
themselves are not valid right up to 7 = r,, this stringent condition will be relaxed and we
shall take the condition to be the vanishing of the normal velocity at r = r,, that is,

u=0, r=r,. (2-21)

This is the condition at the edge of the boundary layer, and (2-21) implies in fact that the
boundary layer at the side wall is ignored. If there are two concentric cylinders then there
will be a second condition similar to (2:21) ; but most of the work hereafter will refer to the
single-sided problem. If we were able to solve the problem exactly from this point onwards
the appropriate conditions at z = 0, the base of the liquid at z = / the free upper surface
of the liquid would be as follows:

du v
dz 0z

and these velocity conditions transform simply into

E=9 =W=0, z=0;
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 35

Likewise there will be conditions imposed at z= 0 and z =/ on the heat flow passing
through these surfaces. Ifit is assumed that no heat flows across the upper free surface then

dr

a—z =0 at z= IZ,
and if it is assumed that the perturbation receives no heat supply from the base z = 0, so
that it must acquire its energy from the liquid interior, then we could take

dr
HE—O at z=0

also. However, the set of equations (2:16) to (2-20), even though they are ordinary simul-
taneous equations, are difficult to handle in the general case, being of the eighth order when
eliminations are completely carried out. Consequently it is necessary to simplify the
approach, in the first instance at least, by using physical arguments.

It is quite certain that the velocity field in its vertical variation will contain at least
three important regions. Near the base of the cylinder where boundary-layer effects pre-
dominate, it is quite certain that the second-order differential terms such as pd*/dz?
pd?p/dz? and pd2W/dz? will be of considerable importance. Likewise in a narrow region
near the free upper surface these terms will be of importance but in the intermediate region,
which is the greatest region in extent, it is likely that these terms play a secondary role only.
It has been shown (Davies 1953) that in the symmetric problem the boundary-layer thick-
ness is, in fact, #/R?, where R = Qp,h%/, and in a typical case when ) = 6m/60 per sec.,
po =1, k=3 cm and g = 0-01, this gives R = 300 approximately and the boundary-layer
thickness is about-2 mm. Accordingly, for the flow outside the narrow boundary layers we
shall take the equations in the modified form given by

(ipo0 + %) £-+2ip, QX1 = 0, (2-22)
(ipo 0" +up?) 1+ 2ipo Q€ = 26(P—7Xo), (2-23)
., d
(ipo 0" +up?) W— g1 = — 1 (P—7X0)> (2:24)
s e dw
fio'r—im®y F(z) P+, W) = boofr+po g, (2:25)
(ipo o’ —I—l—cg—z) 7—ipym®gF(z) P+p, O, W = 0, (2-26)
and we can now define the function F(z) which was introduced in (1-23) to be
= 20 2:27
&) = a7+ Gipgo T (227)

this being the approximate unsteady geostrophic value obtained from the pair of equations
(ipg 0" + %) u—2py Qv = 0,

. , 10
(ipo 0’ +ub?) v+2p Q'u = —;a—‘g,
in which y= ——%F(z) (%05

5 VoL. 249. A.
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36 T. V. DAVIES ON THE

Since in equations (2-22) to (2-26) the second differentials of velocity and temperature
have been ignored the appropriate boundary conditions will be

w =0, z=0,}

w=0, z=Ah, (2:28)

which are the inviscid conditions, and the problem is then self-consistent. The equations
(2-22) to (2-26) contain the viscosity through the term yf? and the conduction through the
term kf?/c,, and the presence of these terms will indicate the direction in which viscosity
and conductivity influence the large-scale motion. The ignoring of the second derivative
terms in fact is equivalent to the assumption that the viscous effect is directly proportional
to the velocity and the conduction effect is directly proportional to the temperature. The
viscous effect and conductivity effect is probably small in this problem, but we shall retain
these modified forms of viscosity and conductivity, since they play an important part in
the later discussion of the singularities. At this point, however, we shall ignore the term ¥,
on the right-hand sides of (2-23) and (2-24), since it is equal to —akf?7/p3c,, and the com-
bination of aku in the term yy makes this quite negligible. This term could well have been
ignored earlier in fact, but it is of interest to have shown that the complete perturbation
equations, with y included, could be successfully tackled by the present method.

Before proceeding any further with the development of the equations (2-:22) to (2:26) it
is convenient to introduce non-dimensional variables , 7, W, 7, P in place of £, 7, W, 7
and P; accordingly, we shall write

z=~h, a=/ph, ~ (2-29)
so that the liquid now is contained in the range 0<<{<1;
£ = 2R, Qrk, P = 2p,R, Q2 P,
7 =2R,Qr,7, Xo = 2aR, Qr x|k, (2-30)
W = 2R, Qr,aW, 7= 3420,7;
and we introduce the following non-dimensional parameters:

_ 0 _ Qp,h? _ Qp,h%, _ gah®, _ ga®, )
f‘—2ga R—Ta Kﬂ_T_’ RH—W’ v 49, Q2 (2-31)

In (2:31) R is a Reynolds number for the flow, K a Péclet number, Ry has already been
mentioned in (1-18), R, is a Richardson number (being of the form g (9p/dz) /p(du/dz)?), and
fis a non-dimensional frequency. The equations (2:22) to (2-26) then become

SE+i(1+2R,0) T =0, (2:32)

+i(1+2R; ) & = fry P, (2-33)
_ dp

z_g‘sw—f -5 (2-34)

RJ) = ot +00),

¢
. imR(1+2R,0) 5, 20k, .
T (1 +2RH€)2+52 P—I-_’?va“‘ 0, (2 36)

. _ imR R = h
{1(f‘|‘ mRy () T“l(n; _I_Hz(;gjgz)ziilp-f- 27‘_410_

2,22 (2-35)
4
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 37

where, for convenience, we have written

$=i(f+mRyl) + 255 (2:37)

— i(fmRy{) + o (2:38)

It is most convenient now to derive the differential equation for W from the set (2:32) to
(2-36), since the boundary conditions are expressly imposed upon W being

W == 0, C = O, .
W=o0, (= 1.} (2:39)
From (2-32) and (2-33) we obtain
if _T7_ proP o
TF2R,¢ s~ (12RO s (2-40)
Likewise from (2-35) and (2-36) we have ;
_an, Qo AW .
Kg T =30+ d§ ’ (2 41)
and substituting for 7 from (2-40) this gives
arg€?_ Lhrys dw (2-42)

Ky = ATeR,0r Rl TaE

When we substitute for 7 from (2-34) in (2:42) we obtain the following relation between

Pand W: _arg {@—i—@sW} B LBros P—]—dW

Kg \df " — (1+2Ry()2 2 d¢

Similarly, by eliminating 7 between (2-36) and (2-34) we obtain a second relation between

P and W, namely, (dP 2ah W) imRy(1 +2RH§)P__2 hR % (2-44)
dg (1+2R4{)2+s%" v

The elimination of P between ( 2-43) and (2-44) leads to the desired second-order differential
equations for W. In the general case we can express. this equation in the form '

d A/, dW imRy(14+2R,0) (77 AW\ _28h 5 N5 0 (9.45
o Gl G AW+ PR A s G| =T Rk W 0, (249
where A = 202hQ?R |Kg,

Ay = (1+2Ry()%+52, (2-46)

2
A, = imRH(”}é? ) (1+2Ry0) + 1fryss’,

(2-43)

but we may simplify this equation considerably by investigating the orders of magnitude
of the various terms. In order to do this we shall use the typical values Q = 0-3rad/s,
f=005,p,=1,71,=15cm, & = 3cm, g = 103, Oy = 0-16, Oy = 1:45, Ry = 0:3, R, = 1-0,
R = 300, K = 3000; the second quantity in this list is a typical observed value for /. In
the expressmn for A, the term mR(ar,Q? Kg) bears to }fryss’ the ratio 1072 to 1 when s
and s’ are chosen to be each equal to if. Thus there will be no important error introduced

if we write Ay = Lfryss’. (2-47)
5-2
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38 T. V. DAVIES ON THE

Likewise, if we compare the term imR(1+2R,{) AW /A, with 2ahR,W|r, we find that the
coefficients of W here are in the ratio 10-3 to 1. Similarly the term containing 4 in the
leading expression of (2:45), namely As’d(A,;W/A,)/d{, may be safely ignored compared
with later terms in W and dW/d{. Thus we may write (2-45) in the form

d A dW\ imR,
’dc(s dg) “HRHC) d¢

and it is easily seen that the reason for this simplification of the differential equation is
essentially the smallness of the factor ar, ?/Kg which appears on the left-hand side of (2-41),
(2-42) and (2-43). When the term on the left-hand side of (2-41) is ignored we obtain the
result $7+dW/d{ = 0; in its original context this would read divV = 0, so that the above
simplification is merely an expression of the physical result that the process of conductivity
is negligible here in its influence upon the divergence of a fluid element. This could probably
have been surmised initially, but it is more satisfactory to do so at this stage.
We now discuss equation (2-48). It may be written in the form

d2w dw da, 5 ds N T
g d§{ imRy5(1+ 2R ) +55' - Ald—g} @252(R,+55') W =0, (2:49)

and it is clear from this form that the equation has singularities at the points where s, s’
and 4, vanish. From the definition of s in (2-:37) we see that s vanishes at { = {;, where

—az(Rv+5s’) W = o, (2-48)

A;ss’

___f i@ :
4=, T3RmR,; (2:50)
similarly, from (2-38), s’ vanishes at { = {,, where
. f ) ia® _
b= _mRH+2KmRH’ (2:51)
and, from (2-46), A, vanishes at { = {; and { = {,, where
, ,
GRy(m+2) = —1—f1 22 (2:52)
{Rey(m—2) = 1—f+%. (2-53)

The quantity { in the present problem is real and varies between 0 and 1, and thus all the
singularities lie at points in a complex { plane which are not on the real axis if 42 is a real
quantity. It is interesting to note, however, that if R—>o0 and Koo then there will cer-
tainly be at least one singularity in the real range 0<<{<1 when m is sufficiently large, and
the presence of such a singularity gives rise to peculiar difficulties in satisfying the boundary
conditions (2-39). Thus the retention of viscosity and conductivity, though in a form which
is not exact, serves a most useful purpose in the problem. The remaining sections of this
paper will discuss various aspects of equation (2-48).

3. THE BAROTROPIC SOLUTION

In the expressions for ¢’ and €' given in (2-8) and (2-9) it has been observed that an
interpretation of their variation is that the effective frequency and effective angular velocity
depend upon z. A very much simplified theory will evidently result if we assume that the
effective frequency and effective angular velocity show no variation with height. This
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 39

is an assumption made frequently in the corresponding meteorological problems. The
immediate advantage of this barotropic assumption is that there is no possibility of any
singularity arising in the differential equation (2-48), and we shall investigate this case in
detail when R and K are sufficiently large to ignore the terms a2/2R and 4%/2K. The case in
which 4%/2R and 4?/2K are retained will be discussed briefly at the end of this section.

In equation (2-48) we now replace s = if, s’ = if, A, = 1 —f2, and it then becomes

&W  mR,dW

(1) G =" B W = 0. (31)

The condition to be satisfied by the coefficients of an equation of the form

ald—jg%—bl%—kclw =0 (3-2)
when W=0at{=0and {=11s
bj:;%a—lc‘ =—4mn? (n=1,2,8,...). (3-3) .
Applying this result to (3-1) we obtain
PR 4 (1Y) (R,~fY) = —drE (1=, (54

and this, of course, is a frequency equation, giving f when Ry, R, and a are known. Interest

“centres principally upon small values of f, since with the long-wave patterns observed in
the experiment the angular velocity relative to the rotating vessel, namely, —2Qf/m, is
known to be small. Accordingly we can write (3-4) in the simplified form

m2R%
72
since R, is of order unity. In this relation the quantity a is undefined, and in order to

obtain a second relation between f, 4, etc., we use the boundary condition at r = 7, given in
(2-21). Using (2-22), which in the present case may be written in the form

f£+77 =0, (3.6)

= —4(a?R,+nn?), (3:5)

together with (2-9), we have

2 — (2) ("8 o ). (37)

Thus the boundary condition will be satisfied in the single-sided problem by choosing
C, = J,, and by making £ satisfy the equation

"InlB0) 1 1 ) = 05 (38)

Pro
the annulus problem will not be considered here. Since a = fh, the parameter § can be
eliminated between (8-5) and (3-8) to provide a relation between f, 7y, £, R, and R, which is
the true frequency equation of the problem. It will be observed that if £ is real and, accord-
ingly, a real, then (3-5) will lead to a purely imaginary value for fso that there is no neutral
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40 T. V. DAVIES ON THE

progressive wave. On the other hand, when £ is purely imaginary it is easily shown that
progressive wave solutions are possible. If we solve for £ from (3:5) we obtain

2R2y |
B2h? = ~{7T.2n2+mjiH}/R”’ (3-9)
and thus fro =1, (3-10)
m2R%)\ 13

~where /1_2‘ = (7’2”2‘*“47?2&) hz%v. (3:11)

Substituting for £ in (3-8) we have
J (14 ,
"lnll) 1 f7, ) = o,

where A is real. Using the modified Bessel function I, which is defined by the relation
I,(z) =1im™J,(iz) (Whittaker & Watson, Modern analysis, p. 372), this relation can be
written in the form ml ( Q)

+/1,(A) = (3:12)

and for the particular barotropic flow which we have considered in this section this relation
is exact. Equation (3-12) may be simplified as follows in the present case. For small values
of f, A is a large quantity, and it is permissible to use the asymptotic formulae for 7,,(1) and

I,,(1), namely, L N(Q;;)%{l (4m28; 1) +o (Az)}

, (4m?4-3) (
L)~ zﬂA)%{l o)
‘Accordingly (3:12) becomes approx1mately
m 4m2 +3
- =g =
. . : m 1 1
and f is therefore given by = —7{{1 —I—Q-X—I-O(ﬁ)} . (313)

If only the first term is taken on the right-hand side of (3-18), so that f = —m/A, it follows
that the frequency equation is.

m*R%) 1}
f2 {ﬂ2n2+ 4f2H}7l§_})ev = m2 (3.14)
when we use (3-11), and the solution for f'is given by
o }
woeft = ma( R, 1RE). (315)
0

This frequency equation will be valid provided the quantity in the brackets is sufficiently
small. Evidently the condition for stability of the wave is

;lz
5 R,> 1R, (3-16)
0
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 41

since when this is satisfied a real value of f results. The quantity # in (3-15) is an integer,
and in the most important case when W has no nodal surfaces in the region 0 <{< 1, which
is the case usually observed in experiments, we can take z = 1. With n =1 and (3-16)
satisfied the formula for the angular velocity w of propagation of the wave system becomes

o_9%f

Q m
— 2 hz 2 ¥ .
—-i;,{;ng”*iRH} > (8:17)

the upper sign refers to a wave propagated in the E - W direction and the lower sign to
one propagated in the W—E direction. The quantities R, and R, are independent of m,
and thus the formula (3:17) is a non-dispersive propagation formula, which agrees with
a statement due to Hide. Apart from this very minor qualitative agreement it is most
difficult to compare (3-17) with any of Hide’s empirical formulae, since he does not intro-
duce the parameter R, explicitly in his results. In the present theory R, and R, are intro-
duced as two independent parameters, but in order to reproduce Hide’s empirical formulae

it seems to be necessary to postulate some relation between them. It is more useful at this

stage of the theory, however, to investigate (3:16) in greater detail, since the result is quite
decisive.
If we substitute for R, and Ry, in (3-16) it may be rearranged in the form

> gar} ©3/160, 0 (3-18)

for stability of the wave pattern, and we may state that according to barotropic theory
no neutral progressive stable wave exists when

Q2 < gard O%/16p, Oy (3-19)

When this inequality (3-19) is satisfied, (3:15) does not indicate whether the corresponding
wave is exponentially damped or exponentially increasing in amplitude, but it is likely

crit. gOﬂ'% @%1/16/00 @V (3'20)

represents an important and critical stage in the value of this parameter. It we take typical
experimental values p, = 1, 7y = 15cm, @ = 2:5 X 1074, g = 103, @5 = 0-16, O, = 1-45, we
obtain Q_;, = 0-25, and this gives as the critical number of revolutions per minute
(= 60Q); /2m) the value 2-4. The observed critical number of revolutions when spiral
flow gives way to wave flow is a number near 3 for the above data, and, apparently, baro-
tropic theory gives a quantitative result of the correct order of magnitude. Further agree-
ment with experiment is certainly not forthcoming however, for, as stated in the introduction
the theory must also explain why, for example, a three-wave pattern changes to a four-wave
pattern and there is nothing in (3-18) to explain such a feature. In order to see how the
above theory differs from Hide’s empirical formulae it is useful at this stage to summarize
his principal results.
Hide obtains a formula for the wave velocity in the form

— (o : (b—a) .
R, = — (0-0288 4 0-0008) ®%(b+a) , (3-21)
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42 T. V. DAVIES ON THE

where R, the Rossby number, is defined to be the ratio of the mean relative zonal angular
speed of flow (this is identified by Hide with the angular velocity of propagation of the wave
pattern) to the angular velocity of the cylinder, b is the outer cylinder radius, a the inner
cylinder radius and ® is defined by

Apl(lb+a) (3-22)

o |\26—a)’

where Ap is the difference in density between the liquid at 7 = @ and r = 5. We may, for the
purpose of comparison, take a = 0, b = ryand | Ap/p| = «(AT)/p, and hence,in our notation,

_ gah®y )
0=, 0 = 2Ru- (3-23)
Thus, assuming R, to be given by w/Q, we have, in our notation,
g% — —(0-0288+0-0008) 4R, = — 0-13R,,. (3-24)

This experimental result must be compared with (3-17), and, as has been stated earlier,
no correspondence between the results is possible unless 42R,/r? is directly proportional
to R%. Hide states also that spiral flow changes to wave flow when ® = ©_;, = 1-58; this
corresponds to Ry = 0-79, and again no comparison is possible with (3-16).

It seems therefore that a barotropic type of solution is probably not adequate in ex-
plaining the principal features of the experiment, and a more elaborate theory will be
established which will incorporate baroclinic features.

When viscosity and conductivity are retained and the simplifying assumption R = K is
made, the barotropic theory as expounded here is modified only in that f—ia?/2R replaces
Jf everywhere in the analysis. It follows that the equation corresponding to (3-15) will be

172\ 2 2
712( —12—‘%) =m2{%Rv—%R§q}.

The solutions for f are in general complex and no neutral waves can exist. Since a?<0 the
wave forms will in general be unstable.

4. THE MODIFIED BAROCLINIC SOLUTION

In this section it is proposed to obtain a solution of the equation (2-49) in which the
singularities {; and {, of (2-50) and (2-51) are retained, {; and {, of (2-52) and (2-53) are
ignored, and the conductivity and viscosity are made equal to zero. When R and K tend to
infinity it will be noted that all the singularities {; (s = 1, 2, 3, 4) lie on the real axis, that in
particular {;, = {, = — f/mRy, and these two will lie within the range 0 <{<1 if fis negative
and | f|<mRy; this case is the important one, since we are concerned principally with
progressive waves which are moving slowly in the west-east direction (i.e. in the same
direction as the rotation). Itis evident, therefore, that in any adequate theory of progressive
east-west waves the singularities {; and {, must be taken into account in the solution of
(2-49). The singularity {; always lies outside the range 0<<{ <1 even when R is infinite since
| f1<1, so it would seem that {, is not as important a singularity as {; or {,. The singularity
{,, on the other hand, will lie in the range 0<{<1 when R is infinite, | /| <1 and
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Ry(m—2)>1. Taking Ry to be of magnitude 0-3 it follows that m must attain the value 6 be-
fore thesingularity {, can lie in 0<{ < 1. Even though {, may be of importance for sufficiently
large mweshall disregarditin the presentsection and will try to assess its influence in the next
section. Accordingly, we shall make thefollowing simplifying assumptionsin equation (2:49) :
(i) in the coefficient of d2I/d{? the A, term will be replaced by unity, which is its
effective value at { = 0,
(ii) the coefficient of dW/d{ is of the form

simRy{—2—2Ry{+ Ry 2(4—m?) +0(f)}

and it will be assumed that this term takes the value —2simRy,

(iii) the coefficient of W will be taken in the form —a??R,.

These three simplifying assumptions look after the singularity s = 0 effectively, and in
all three cases it is assumed that the remaining terms take their surface values. Equation

(2-49) then becomes a2 div
24 QW _ e .
e 2simRy & a%?R, W = 0, (4:1)
where s = i( f+mRy{), and we shall assume that f'is a small negative quantity such that
—1<fimRy<0.
It we take a new origin at the singular point and write
R (+2)
2 : v
equation (4-1) becomes 3CZ—%%— a®’R,W =0, (4-3)

and it is easily shown that the complete solution of (4-3) is
W = (HATY (¥ aRY) + BJ_y(iCaR))}, (4-4)

where 4, B are two arbitrary constants and where J,3(7*) are Bessel functions which are
expressible in the closed form

2p*\¥sinp* cosp
Kt = (L) -2,

2p*¥\? (sing* cosp*
PR )

Tt will be noted that J3(7*) tends to zero as 7* = 0 and J_g(#*) — o0 as 7;*—> 0, but the solution
for W has no singularity at {* = 0, since the {*¥ in (4-4) disposes of the singularity in J_
at ¢* = 0. Thus with a slight adjustment of the constants we can take

W = A(sing* —n* cosy*) + B(* sin p* +cos 7*), (4+5)
where »* = i{* aR}. The boundary conditions upon Ware W=0at{=0and { =1, thus
if we write r p} ;

_ifaR; _ S ) 3 | .
—I m= i(1+ ) B, (4+6)
then A(sin g,—1, cos no) +B(7, sinz,4-cos 7o) = O,} (4+7)
A(siny, —7, cospy) +B(p sing +cosyy) = 0.

6 Vor. 249. A.
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44 T. V. DAVIES ON THE
The consistency equation of the pair of equations (4-7) reduces to
(1 +707m1) sin (70—11) — (10 —71) €08 (no—11) = 0, (4-8)
and using (4+6) this becomes
_Ja*R, I )} . s oot . _ )
{ mR, (1 +mRH sin (iaR?) —iaR? cos (iaR}) = 0. (4-9)

This represents the first relation between f, £, R, and Ry. A second relation between these
parameters is obtained by satisfying « = 0 at r = r,. This cannot be done exactly in the
present case, since ¢’ and ' are now functions of z. If we again consider the case in which
liquid occupies the whole region 0<r<r,, then the appropriate solution for  from (2-9)
and (2-22), with z = 0, is

2u— (210 2 i) €@, (410)

where o' = 2Q(f+mRy,{) and Q' = Q(1+2R,{). If we disregard the { terms in the
expressions of ¢’ and €’ the second relation between the parameters is

mInl) s 7t = o. (+11)

We first of all investigate the possibility of a solution of (4:9) and (4-11) in which fis purely
real and small and f is a large imaginary value. Suppose we introduce A as in (3:10), then
with A large (4-11) leads to m

as in (3-13). Thus, since a = fh = iAA/r,, (4-9) becomes

252 '
{1 —l—fl{ h Rz ( + J )} sin(/lhK'%) —MRgcos (/UZR%) =0, (4-13)
mR e mRy, To 7o 7o
and if we combine (4-12) and (4-13) and write, for simplicity,
hRE
E = ;;‘R—H, X = IIRHE, (4:‘14:)

then x has to be determined from
(1+E2—xE)sinx—xcosx = 0

2
or cotx = 1+F

_E. (4-15)

It is evident that there are an infinite set of eigenvalues x, which are the intersections of
the two curves y = cotx and y = (14 E?)/x— E. As in the previous section interest centres
principally upon the first one. The curve y = (1+ E?)/x—E crosses the axis of x at
x = E+E-1>2, and the first intersection of the two curves will therefore be near x = 27
so that x; = 2m, x, = nm (n>2). Thus the first eigenvalue of 1 is A, = 2n/ER,,, and thus the

principal value of f'is given by f ER,/2 (4-16)
= — M. H T, 3 :
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the angular velocity o of propagation of the wave system is given by

o 2f RyE R}
Q m_——_ﬂ ;T;;' (4‘17)

It was noted earlier that the boundary condition # = 0 at 7 = 7, could not be exactly
satisfied in this case, and it is of importance to determine how sensitive (4:17) is to this
condition. Using (4-10) and satisfying u = 0 atr = ryat the height { = % leads to the relation

mJ (Bro) f + ?mRH ’ -
in place of (4:11). Thus the relation

ftimRy m
1+R, =0

N x
N
\ .
N
N
N
N

Freure 1. Graphs of y = cotx, y = (1+E?)/x—E.

replaces (4-12). Elimination of f between this equation and (4-13) leads to the relation

2
1+E2(1+R%) i
; x
in place of (4:15). The curve y = {1+ E?(1+ R%)}/x—4x crosses the axis of x at

% — 2(1+E(1+ Ry,

and for the typical values of E and R in this problem this point is near the crossing point
of the former curve. Thus the position of the first eigenvalue x, is little altered and #, is
therefore near 2, in fact, nearer 27 than the previous case. Thus the formulae (4:16) and
(4:17) are not particularly sensitive to the boundary condition u = 0 at r = r,.

So far we have demonstrated the existence of an infinite set of eigenvalues for f which
correspond to purely imaginary values of f. The question now arises whether any other real
eigenvalues of f exist or not. We deal now with the case in which f'is real and f is real, and
we shall assume that the second relation between fand £is (4-11). Iffis small we can derive
the analytical solution of (4:11) as follows. Let #,,, be the zeros of J,,(x) = 0 and assume

that the solutions of
mdJ, (x ,
mInl) 4 1 (x) = o

for small f are given by | x = X+ fYm+0(f?),

cotx =

t If we satisfy u=0, r=r, at a height {=1}, the same type of method may be applied, yielding a similar
formulae for fr, as in (4-18) but with more complicated coefficients.
' 6-2


http://rsta.royalsocietypublishing.org/

JA '\

Y |

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

46 T. V. DAVIES ON THE

where y,,, is independent of f. Then by applying Taylor’s theorem we get simply
Ysm = —X,n/m; thus the solutions of (4-11) are given by

Bro = xm( —£>, (4-18)

ignoring terms of order f2, where x,, is a zero of J,(x) = 0. Interest centres principally
upon the first zero x,,, of J,(x) = 0 and for future reference these are given in table 2;
we make use later of the approximate result

Xim = (§4-3m) 7.

TABLE 2
m 0 1 2 3 4 5 6
X1m 2-4 3-8 51 6-4 7-6 8-8 99
1y
/0
/|
/N
/ \
// \
// \\
IR NN N T S P
________________ B 4
' —l // e C
== _ - // =
AN 1
\ //
Nl
Vi
Ficure 2
In the case of the first relation (4-9) we can now write
J@R, J ) 1
— = . 4-1
{1 L (1 ot } aR} coth (aR}) (419)
If we write y =flmRy, x=aR} (4-20)
equations (4-19) and (4-18) may be written more conveniently in the forms
1—yx?(1+y) = xcothx (4-21)
and x = l—l%x‘—’" (1—yRy). (4-22)

If the straight line (4-22) intersects the curve (4-21) a real eigen solution is possible in which
both £ and f are real. The curve defined by (4:21) is given in figure 2. It consists of two
isolated points at (0, 0-26) and (0, —1-26), which are of no significance in the present pro-
blem, together with the two branches ABC, A’B’C’ which are asymptotic to xy+1 = 0 and
x(y+1) = 1. The point B is (2-40, 0-5). The straight line (4-22) makes positive intercepts
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on the two axes, and it is evident that when the coefficients of x and y in this linear equation
satisfy a particular relation the line will touch the branch ABCsomewhere between B and C.
The determination of this relation is of crucial importance for the stability problem; in
general, this determination is quite a complicated procedure, but much of the difficulty
can be avoided by using an approximate form of the curve (4-21) which is valid near the
point B. If we take the origin of the curve ABC at B using the transformation x = X+ 2-40,
y = Y—0-5, it is easily shown that the equation of the curve ABC in the neighbourhood of
Bis

Y2 =a, X—0,X?, (4-23)
where a; = 0-0458, b, = 0-0031. The condition that /; X+m, ¥ = n, is tangent to this conic
B 1am = byt —a,lym, (4-24)

and in the present case the constants /;, m; and », are

[, =0
! hRngm’

24y,
ny=1+1R, — U

It is easily shown that the tangent to the curve (4:23) which passes through the original O
has an abscissa X = 0-3 for the point of contact, and for the purposes of the present problem
it is unnecessary to use the term 4; X2 in (4-23). Thus (4-24) can be simplified still further to

ta,mi+1lin, =0, (4-26)
and thus the desired criterion for contact of (4-21) and (4-22) is

2 2 42
0-0115% R Rﬂxsm+thxsm(1 +4R,)—24 = 0. (4-27)
o 7o

The first term in the expression on the left-hand side is, in applications, considerably smaller
than the others and can usually be ignored. As a general check upon this criterion it may
be observed that when R;;— 0 in (4-22) that the line becomes x = hR}x,, 1o, and the con-
dition for contact is then AR} x,,,/ry = 2-4. It follows from the above that no intersection of
(4-22) and (4-21) will take place if

0-0115 o LSy
0 0

(1+3Ry) —2-4<0, (4-28)

MR, R%x2, hRx,,
7,

and this must be interpreted as the instability criterion for baroclinic flow, since, when the
expression on the left-hand side of (4-28) is positive, real stable waves exist, and when
negative the waves of this species have a complex value of f (see (4-33)). It is usually suffi-
cient to deal with the instability criterion in the approximate form

KR, ki (14+4Ry) <24 (4-29)
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This criterion differs very considerably from the barotropic criterion, namely,

3
"y < 4Ry, (4:30)
0

not only in the arrangement of its parameters 4, r,, R, and Ry but also in an entirely new
feature, namely, its dependence upon wave number through x,,,.

If we replace Ry and R, in (4-29) by their original expressions in terms of ®, 0, and 2,
etc., the instability criterion may be written in the form

3 89O\ _ o, 400\ .
roxm{l e Q2}<2 4(ga®y) 0, (4-31)

and in this formula interest centres principally upon x,,,, which represents the major mode
of the horizontal wave. It will be noted from the table of values of x,,, given earlier that
%), increases steadily with m and, from (4-31), it will be noted that ( increases with m.
Alternatively, we can state that wave number m = 0 becomes unstable at Q = Q, wave
number m = 1 becomes unstable at Q= Q,, where Q,>Q,, wave number m =2 at
Q=0,>0Q,>Q,, and so on. This is similar to the behaviour in the Fultz experiment as
described in the introduction to this paper. It may be noted also from (4-31) that if the

TaBLE 3
Q/Q, 3 3 5 1 H 3
12(0/Q) 18-6 17-5 145 - 10 6 36

170-15(Q,/Q)?

heating constants 4@, and @, can be maintained constant and Q and 7, are also kept
constant, then, for variable 2, stability will result if 4x,,, is kept constant. Thus if 4 increases,
%, must decrease, and hence m must decrease. In other words, if the depth aloneisincreased,
smaller and smaller wave numbers can possibly appear. The demonstration of this particular
feature has been given to the author by Hide, and this appears to strengthen the claim of
the above baroclinic instability formula. It should be mentioned, however, that the
relation /x,,, = constant used above is likely to be inexact, since ®,, and 20 are not under
rigid control. In view of this qualitative agreement- it is worth while to investigate (4-31)
quantitatively, and if we use the typical values # = 3 cm, r, = 15 cm, Oy = 016, O, = 1-45,
po=1, =105 a=25x10"* and Q= Q, = 0-357! (3rev/min, approximately) we can
write (4-31) in the form
;,,lxlm{l +015 (%0)2} <2-4(Q%) : (4-32)

From table 3 we deduce that m = 0 becomes unstable at approximately 1-3 rev/min, m = 1
becomes unstable at 1-5rev/min, m = 2 at 1-9rev/min, m = 3 at 2-1 rev/min, m = 4 at
2.4rev/min, m = 5 at 2-6rev/min, and so on. The experimental range is considerably
wider than this, and thus the quantitative agreement is only fair.

We now investigate the formula for the wave velocity in the present case assuming that
the wave exists and is stable. Suppose we use (4:23) in the approximate form

Y2 = q, X,
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and we take the straight line to be [, X+m, ¥ = n,, where ;, m;, n, are defined in (4-25).
We then have L, Y*4-a,m, Y —ayn, = 0,
and solving this equation for ¥ (= 0-5+f/mRy) we get the wave-velocity formula

. | v

m—{%;, +0'5 = El;{—‘almli (afm}+4daylyny)H.

We have seen that the term a{m} is small compared with 44,/, ;, and a sufficiently accurate

formula is given by : | 3
- __‘f_+0.5=_%al_nﬂj:a‘%(ﬂ) 5

mR A A
or, written out in full,
. 1 3
S 05 ——00220  RER, %, & 0-2140{(1 +$Rp) hR 5y 2-4: . (4-33)

It is not possible at this stage to discuss this formula in its relation to the experiment, since
the parameter R, is absent in Hide’s work, but we shall return to this point in the next
section.

The existence of two types of wave forms has been demonstrated, the first type possessing
the wave-velocity formula (4:16), the second type possessing the wave-velocity formula
(4-33). In the waves of the first type there is no suggestion of instability and this seems to
be a feature of the second type only. It is possible that other wave types exist corresponding
to complex values of f, but there is every likelihood that such wave types would always
produce complex values of f, so that permanent waves of this species are unlikely.

The derivation of the velocity, pressure and temperature fields in the baroclinic case
will be done only for the second type wave whose wave-velocity formula is (4-33). Using
(4:5), (46) and (4+7) it follows that ¥ can be expressed in the form

W 27{:1:4__% { lﬁ% (g_.go)] sinh ((aRY) —aRtcosh (aRY),  (4:34)

and if 4 is treated as a real constant the solution for w can be taken in the form

w=A {[1 _JZR, (g-g,)] sinh ({aRY) — (aR} cosh (@R*,;)}Jm(ﬂr) cos (mp+at). (4-35)
mR,,
Using the relation 7 = —%%it then follows that

7 — 24aR ({~L,) {Zﬁicosh (¢a) +sinh (¢aRY)), (4-36)

and this function possesses a zero at { = {,, so that £, which is defined in terms of by the

relation r_ (142R, ) )
mRy(—8) ™
is finite at all heights in the liquid. Using (2+9) and (2-10) it then follows that the solutions

for # and v are . {1+2RH§me(ﬂ7)
u=—3i f+mRyC  fr

(4-37)

+J;,,(ﬂr)} cos (md -+ %) (4-38)


http://rsta.royalsocietypublishing.org/

L

Y |

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

50 T. V. DAVIES ON THE
| L (142R,C o
and v =3 {f+mR STl + ﬁ, }sm (mp+at). (4-39)

It will be noted that >0 in the main part of the liquid if 4> 0, and thus the velocity field
is similar to that in the barotropic case apart from the zonal component v which has altered
character near r = r,. We have for P the formula

/OOQI 2_ 9 n
P A+ MRy 02— (14 2Ry 0%

and in order to be consistent with the assumption made concerning A, early in this section,

it is necessary to treat the term within the brackets as negative in sign. The complete
formula for the pressure is then

p = —PJ,(fr) sin (mp+ ot), ‘ (4-40)

so that m¢ = §= is a line along which p is a maximum and m¢ = — }= a line along which
p is a minimum at ¢ = 0.

Ficure 3

Since the temperature function 7 is effectively given by (1/ga) (dP/dz) it follows that in
the main body of the liquid the temperature distribution is such that m¢ = i is a line along
which the temperature is at a maximum and m¢ = — {7 a line along which the temperature
is a minimum. This distribution of temperature is more readily compared with W. H. Dines’s
statistical results (Brunt 1939) than the barotropic temperature results. The continued
association of low pressure at { = 0 with high pressure in the main body of liquid above
is still in disagreement with these statistical results, and it is unlikely therefore that this can
be corrected by any theory which ignores the viscous stresses at the base of the liquid.

Itis quite evident that the results which have emerged so far from the modified baroclinic
theory are considerably closer to the experiment than the barotropic theory, but it is un-
likely that good quantitative agreement can be attained until the singularity {, is retained
in the discussion of the differential equation (2-49). The influence of viscosity and con-
ductivity upon these results is a little obscure and this will be considered now. The differ-
ential equation (4-1) can be solved in the form (4-5) when s is given by (2:37) and s’ is
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FORCED FLOW DUE TO HEATING OF A ROTATING LIQUID 51

identically equal to s, that is if K = R. It is convenient to make this assumption K = R in
order to find out in which direction viscosity and conductivity influence the results. Hence
the only change which need be made in (4+9) is to replace the term fjmR;; by

—¢ = S e
'~ mR, 2RmR,’
Thus (4-9) becomes
{14+¢ a?R,(1—{,)}sin (iaR}) —iaR? cos (iaR}) = 0, (4+41)

where {; is defined in (2:50). Equation (4-11), which is the second relation between f
and f; is changed in the same way in this viscous case. It is now quite evident that the
solution for f can be obtained by replacing fin (4-16) and (4-33) by f—ia?/2R. When this
is done the wave forms for which the frequency equation is (4:16) are unstable, since a2 in
this case is negative. On the other hand, those wave forms which have (4-33) as frequency
equation are normally damped waves, since 42 in this case is positive. In this latter case the
detailed pattern is as follows:

(a) when (14+3R}) —:ER%’ %, >2-4, all waves are damped;
0
() when (1+3Ry) - Rb,, <24,
o

. a?
one wave is damped, other neutral 3R =

all waves will be damped _ 5
} if 0-214{2-4~;—R‘3xm(1 +%RH)} .
one wave is damped, other undamped 0

Interest centres principally upon the neutral wave, since the waves observed in the experi-
ment can persist as long as the requisite steady conditions of temperature and rotation are
maintained.

5. THE RELATION BETWEEN ©, AND O

The basic temperature field introduced in (1-15) contains two parameters @, and O
which up to this point have been assumed to be quite independent of one another. In a
recent paper Lorenz (1953) has considered this particular point and has shown that @,
and @, are in fact linearly related, and it is proposed here to derive this relation by a method
which is a slight modification of that due to Lorenz. If a uniqueness result were available
for a problem of this type then one might expect such a relation to exist, since the mean
horizontal gradient and mean vertical gradient of temperature would both be linearly
related to the imposed mean horizontal temperature gradient on the boundary; however,
since this approach is not possible we proceed as follows.

We introduce non-dimensional variables into equations (1-1) to (1-6) by writing

b =t/Q, 1 =ryr, zy=hz, ¢ = QA+,
uy =ryQu, v, :krOQv, w; = hQuw, (5:1)
pr=pp, T = 73+(ATH) T, p = per5Q2p,

7 VoL. 249. A.
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where the original variable has suffix 1 and the unsuffixed symbol is the non-dimensional
variable. The equations (1:1) to (1-6) then become

du o2 10p, 1 (0% h2(0%u 10u 10% 20dv )
R A A (e I (52)
dv w  10p 0 R0 1dv 10% 20du )
TR _ﬁ@—i'p_R{a_zﬁ_ro (6r2+rar+r206’2+726¢)} (5:3)
hdw  1dp gh kR (Pw k% (%w  1dw 1 0%w )
r—za——;&“rggﬁprgza{a? G atamg) (54)
p=1-220a7, (55)
Po
_aAT,dT
L e divy = (56)
dT 1(®T  h2(?T 10T 19T
S ?%(W+?T?7+7259?)} (57)

where AT}, is the temperature difference between z=0,7r=0 and z=0, r=1, and R
and K are the Reynolds number and Péclet number already defined in (2-31). These six
equations contain the four parameters 4/r,, R, K, ¢ = r3Q?/gh explicitly, and when the
¢ is combined with aATy/p, a fifth parameter enters, namely,

R} = gah(ATy) por3 Q. (5-8)
From (2-31) it follows that R¥ = 2R, but it is more convenient to work with R} in the
present section. This parameter is the Rossby number of the problem. In the present
problem, where £/r, is usually considerably less than unity, it may be noted that the neglect
of the terms in (5-2) to (5-7) which involve /273 leads to a consistent set of equations provided
the exact viscous and conduction conditions at r = 1 are suitably relaxed. The neglect of
such terms in the equations is the same as saying that the solutions for the velocity, pressure,
density and temperature fields are expanded in ascending powers of the parameter A2/r3,
and we retain here only the leading terms of the expansions. This method of procedure
exposes the important features of shallow systems, namely, that the vertical gradients of
velocity are of considerably greater importance than the horizontal gradients, while the

hydrostatic equation is satisfied in the first approximation. The equations (5-2) to (5:7)
now become

g —5) =+ ra (59
ol ) =%+ R (510)
g—ﬁ = —rggngrR;‘, T, (5:11)

p= 1—(’(1%2) RXT, (512)
(’i%)k;;‘iit pdivV, (5-13)
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It is now evident that expansions of the velocity vector V, pressure p, density p and tempera-
ture 7" are permissible in ascending powers of the parameter R¥, since this parameter is
not associated with the highest order derivatives. Accordingly, we assume that the complete
solution of the above system of equations is expressible in the form

U= Rtu, +R¥Puy +..., p=1+REp +Rpy +...,
v=r +Rfv, +RE v, +..., T=r1,+Rf7 +R¥7, + (5°15)
w= REw,+RFw,~+ ..., p=po+REP +RED, +

where it is assumed that the terms with zero suffix represent the state of solid rotation, and
where all the suffixed quantities are independent of the parameter R};. We now substitute
these expansions in the equations (59) to (5-14). and equate to zero the coefficients of
successive powers of R¥. »

We have then the following system of equations:

Terms independent of R:
Ly g _ gk O _ 0 .
=% =% Tme~ o °T (5-16).
These equations give the usual solution for p,, namely,
&k

1,2
= 12—
bo= 3 ,,(2)@2

and 7, is evidently a linear function of z. If we impose upon 7" the condition that d77dz
must vanish at z = 1 (see p. 35), which implies that there is no flow of heat across the free
surface, then it follows that the only possible form of solution for 7, is

To = 7o(7), (5:17)
where the right-hand side is a function of r only. This implies that d7,/dz is zero everywhere
in the liquid, and thus there is no heat transfer in the vertical direction associated with this
term. A side condition of the form dr,/dr = 0 at r = 1 can be imposed upon 7, in order to
ensure that there is no heat flow across the side boundary into the liquid. It may be shown
that for a solution of this kind d7,/dz does not vanish at z = 0, and thus the above tem-
perature field will be related to the temperature distribution on z = 0. We impose upon
7o(7) the condition (1) =7(0) =1, (5:18)

which ensures that the difference in temperature between z = 0 r=0and z=10, 7=1
is ATy,

Terms of the first order in R du, _0py | 10%, )
' (7t AT == TR (519)

v, _0p 1 92 9%, )
—a?+2ul - 1‘3¢+R azz) (5 20)
%‘21 = TO(T), (5'21)

1 0 v, Bwl )
oy () + 755+, =0 (5-22)
3 L 1 0%, (5-23)

Trmn) =g
| v


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

1~

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

54 T. V. DAVIES ON THE

In order to derive the relation between the mean gradients of temperature in the vertical
and in the horizontal it is sufficient at this stage to consider the steady fields, and the terms
in d/dt and 9/d¢ can be ignored for our present purpose. Equation (5-21) can be solved

immediately and gives by = 21(r) + (), (5-24)

where p¥ (r) is a function of r only. We can now use equatmns (5-1 9) and (5-20) to determine
u, and v, in terms of Tos p¥(r), etc., and we obtain

10%,

)
2 =‘§‘3+mo*mzf’ (5-25)
I, 1 0%;,
hence =g 2( o= 7 571)
1 0%
=—]—2§7£}. (5+26)

The equation of continuity (5-22), in its symmetrical form with dv,/d$ zero, shows that
0w, [0z satisfies the same equation as #,. The boundary conditions to be satisfied are w = 0
atz=0and z=1, u= 0 at z= 0 and du/dz = 0 at z = 1. This problem is precisely the
same as that solved in Davies (1953, p. 101), where it is shown that

| = ‘%’ T = am (5-27)
and h=F()Gils) |
= Fy(r) {1 __sinwz sinhwz___sinw(l —2z) sinho(1—z)
' 5181 58]
S%SI+SICICI+SICI Cl . .
TS (5,C, —5 o) Smez sinhw(l1—2z)
__S%Sl +¢ Sl Cl +516 Cl

S5 (S C—syey) et =) sinha(1—2)|. (5+28)

Here 0? = R, §; = sinhw, C; = cosho, s, = sinw, ¢, = cosw and Fy(r) is an arbitrary func-
tion of 7. The solution for v, is then given by

%—mm+h+mﬁR0M@@ (5-29)
If v, is to vamsh at z = 0 then we must have
— 3 Fol1) 63(0) =L s o, (530
and if dv,/dz is to vanish at z = 1, then- ~ ; |
—74(r) = 7= Folr) Gy (1). (5-31)

These two equations determine p¥ and Fy(r) in terms of 7,(r). Interest centres principally
upon Fy(r). It is shown in Davies (1953) that G§(1) ~4w* = 4R2 when R is sufficiently
large, and thus we have ‘ _ 1
Fy(r) = —ZTBW"’U)" (5-32)
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Thus when 7,() is prescribed the stream function ¥, is uniquely determined, and we can
now proceed to the solution of (5-23) which in the steady case can be written in the form

0%,

'a‘;f = KulTa(f)
! -]- 14
= Krn) [ = Foln) Gol@)}- (533)
The first integration of this with respect to z leads to
? K., |
7 == 7o) Folr) Gol2) + ¥ (), (5:34)

and, taking d7,/0z = 0 at z = 1, it follows that ¥'(r) =0. The function d7,/dz then vanishes
also at z = 0, but in the main portion of the liquid lying outside the boundary layers the
function G,(z) has been shown in Davies (1953) to be 1+-0(e~“?), hence in general

J K, '
S =~y (1) Fy(1),

3T1__£

so that, using (5-32), i 4RT(,)2(1’). _

(5-35)
This result is in general agreement with that obtained by Lorenz. The vertical lapse rate
of temperature is now given by

T, _ AT,

iz k¢

%071

H'@Z:R;}

Al Srit ), (530

and the horizontal lapse rate of temperature is given by

0T, ATy

= ). (5-37)

In each of these expressions there will be further terms involving powers of the parameter
R¥ but, since this is small, it is unnecessary to take the investigation further. :

Since the horizontal derivatives of velocity and temperature have been ignored with the
h2/r} terms it is not possible to define the function 7,(r) precisely, and we may restate its
qualitative properties, namely, 74(1) = 0, 7,(1) —7,(0) = 1. When the first of these pro-
perties is satisfied it will be noted from (5-29) to (5:31) that v,(1) = 0. Likewise u;(1) = 0,
and the only condition which cannot be satisfied is w = 0 at = 1, although this one is
evidently impossible to satisfy from the nature of our approach.

If we compare (5-35) and (5-37) with the assumed temperature distribution (1:15) we
see that this assumed basic temperature field is not consistent with the above results,
although it must be borne in mind that they refer to a mean state in the body of the liquid
and well away from the boundaries. Itissufficient here to compare (5:36), (5-37) and (1:15)
in their average values. Hence if we use a bar to denote an average value of a quantity over
the range 7 = 0 to 7 = 1, so that

5= " g0 rar, (5-38)

r=0
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it then follows that O, T, |91, 1oy K 12(r)

100y 9z /0 hTTAR )
0, _ 1 p K770
h®y — 8R* T R 17(y)

and hence

(5-39)

Using the definitions of R and R, in (2-31) and noting that R} = 2R, it now follows that

RR, . Kr(r)
v __ R2 10 R
7R

(5-40)

and thus we see that the parameters 2R?/r; and R, are on the average related linearly. This
is the precise result which is needed to bring the present theory in line with the experiments.
It remains now to make quantitative comparisons.

If we choose 7,(r) = 4(r—73) and 7,(r) = 2r2—r*, then it is easily shown that 74(r) = &;,

2 K
HR°

702(r) = £, so that K2R
2 = 1okt (5-41)
. 0
A more precise choice of 75(r) can be made by fitting a curve to the values of I} given in
table 1, since }; is proportional to the radial temperature gradient, but this makes a negligible
change in the result (5-41). Since K/R = uc,/k = ¢ = Prandtl number, we have, using the

value ¢ = 7 which is valid for water at a temperature of about 18°C,

h’R,
= 2-2R%,,
and hence hng = 1-56Ry, (5-42)
approximately. ’

It must be emphasized that the results (5-41) and (5-42) have been derived on the
assumption that the flow is symmetrical about the axis. When there are waves present, it
is most probable that the mean temperature fields will be altered; in the few experimental
temperature distributions which are available to the author this is certainly true. Thus it is
likely that the application of (5-42) to the stability formula (4-29) will produce results
which are likely to be in increasing error as m, the wave number, increases. The determina-
tion of the modified formula which replaces (5-41) in the case of asymmetry is a difficult
problem and one which will not be discussed any further here.

6. COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS
If we substitute for 2R?/r, from (5-42) in (3-17) we obtain the following barotropic formula
for the velocity of propagation of waves:
il
Q
approximately, and this has to be compared with Hide’s result (3-24). It is clear that this

barotropic formula gives no indication of any instability and gives a result which is about
seven times too large for the angular velocity of the waves.

— 0:9Ry, (61
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If we use the baroclinic results we obtain, from (4-29),
5o Rig(1+$Ry) <16 (6:2)

as the criterion for instability. This criterion is then similar in form to that obtained from
the experiments; the numerical results are given in table 4. No detailed experimental
results are available to check table 4, but the results vary in the right direction and are
substantially of the correct order of magnitude. These results refer expressly to the problem
in which the liquid occupies the region 0<7<r,. Experimental results for the annulus case
in which the liquid occupies a region r,<r<r,, with 7, = 2-45cm and 7, = 4-90 cm, have
been kindly supplied by Fultz in a private communication, and it is worth while at this
stage to derive the theoretical results in this case.

TABLE 4
wave number, m 0 1 2 3 4 5 6
value of R, when m-wave becomes unstable 0-56 0-40 0-29 0-24 0200  0-17 0-15

It may easily be verified that all the anaIysis of § 4 applies to the annulus case provided.
the quantity x,,, in (4-18) which appears as the sth zero of J,,(x) = 0 is suitably modified.
It is necessary to replace x,,, by 7yf,,,, where f = f,,. is the sth zero of the equation

In(B16) Yool 1) — T Br) Yn(Bro) = O, (6-3)
and with this definition of £,,, the instability criterion (4-29) becomes
hfom RE(L+3Ry) <2-4. (6-4)

As before, interest centres upon the first zero f,,,, and this can be determined with sufficient
accuracy by substituting in (6-3) the asymptotic expansions of J, and ¥,,. This leads to

the result
N ,,
Pin 7 —r.{H_ 8m2ryr; Foef (6:5)

The methods used in § 5 apply to the annulus case except that the averaging process given
in (5-38) is now defined as follows:

7= L goyrdr, (6:6)

while 74(r) is a function satisfying 7(1) - 7o(13f70) = 0 and 74(1) —74(7;/r,) = 1. Writing
x = 1,/r, and choosing 7(r) = 12(r—x) (1—72)/(1—x)3 (3 +x), it follows that the appropriate
generalization of the result (5-41) is

h’R, K (1—x) (8354 47x+25x2 4 5x3)

R = 1tlhg (8+x) (8—Tx+ 322+ 323+ 3x%) (67)
Combining (6-4) and (6-7) we obtain the generalization of (6-2) to the annulus case.
When 7; = ir, = 2-45 cm, which is the case investigated by Fultz, (6-4) becomes
, 1-6 |
Ry(1+3Ry) <7—, (6-8)
- ﬂsm To

taking K/R = 7 as for (5-42). Fultz uses the Rossby number Ro¥ which is related to R, by
= (1+%) Ry, (6-9)
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and table 5 can then be constructed of the critical Ro¥ values. It will be observed from
table 5 that the agreement between the theoretical and experimental results is fairly satis-
factory for small values of m but when m >3 the divergence of the results is quite consider-
able. The wider divergence of the results when m increases can partly be explained by
the neglect of the singularities {; and {, in building up the present baroclinic theory, and
this will be enlarged upon shortly. Part of the discrepancy also is due to the approximate
character of the relation (5-42), since the term on the right-hand side of this relation is
merely the leading term of an infinite series. It is also necessary to note that the experi-
mental values are obtained by keeping all the physical parameters fixed except the tem-
perature difference Af between the two cylinders which is steadily increased from Af = 0.
Fultz states that the transition values will be different if Af is steadily decreased to zero;
thus a given wave number can exist over a range of values of Ro¥. For example, in the
experiment described, it is found that the upper limits of these ranges for wave numbers
4 and 5 are respectively 0-18 and 0-08 (cf. theoretical values 0-16 and 0-13), and it is possible
that the theoretical values should be compared with this upper limit. The existence of this
range, a phenomenon which has been called ‘metastability’ by Fultz, is not explained by
any of the theory up to this point, and it is useful to conclude the present section with
a brief discussion of the general stability characteristics of the flow.

TABLE 5. ANNULUS CASE 7,=1r
(Mean temperature 21° C, a = 2-1 x 10—4)

wave number, m 0 1 2 3 4 5
critical theoretical values of Ro¥ 0-28 0-24 0-22 0-18 0-16 0-13
critical experimental values of Ro¥ 0-26 0-22 0-20 0-11 0-07 0-04

The instability which is associated with the criterion (6-2) is linked with the appearance
of a singular point { = {; within the range 0<{< 1. At this point the function s, defined in
(2-37), vanishes, and thus the angular velocity of the wave system equals the angular velocity
of the liquid at some height within the liquid (it may be recalled that the effective angular
velocity of the basic flow varies linearly with height). This type of instability accordingly
is of the same type as that investigated by Heisenberg, Lin, Meksyn and others in the two-
dimensional liquid motion between parallel planes, where the wave speed ¢ becomes equal
to the stream speed U at some intermediate point within the liquid.

The differential equation (2-49) has singular points also at the zeros { = {5 and { = {,
of 1;, these being defined precisely in (2+52) and (2:53), and as stated earlier {; will lie outside
the range 0 <{< 1, but {, may lie inside this range when R is effectively infinite. The function
A, is the determinant of the two equations of horizontal motion, and the vanishing of 4,
implies that the horizontal velocity components are infinitely large. That this is so also
follows from (2:49) when we investigate the solution in the neighbourhood of { = {,.
Making R infinite, we have

o= (1=f)[Ry(m—2),

and, bearing in mind that f<1, itis evident that m = 0 and m = 1 make {, negative, so that
there is no possibility of any resonance of the horizontal field in this case, likewise m = 2
makes {, infinite, and thus resonance of the horizontal velocity can occur only when m> 2.
The effect of the {, singularity is discussed in the next section.
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7. THE VARIATIONAL METHOD OF SOLVING THE EIGENVALUE PROBLEM

The problem which is presented by equation (2:48) and the associated boundary con-
ditions W = 0 at{ = 0 and { =1 can be considered as a problem in the calculus of variations
provided that the aim is merely to determine the wave-velocity formula and the stability
criterion. In order to do this it is first of all necessary to write (2-48) in the Sturm—Liouville

form, namely, 70 _
SO |+ e 10y 7 =0, (11)

and it is convenient, for the present purpose, to consider R, to be the unknown eigenvalue
in (2-48) so th
n (2-48) so that A% =R, (7-2)

and (), g({), {({) are functions of {, not containing the parameter 1*, which can be ex-
pressed in terms of s, §', A;, etc.; in (2-48). When the transformation to the form (7-1) is
effected it then follows Courant & Hilbert (1953) that the minimum value of the integral

N LAY .
| 1= [ {0 (Tg) +10 70} a, (13)
subject to the normalizing condition ‘
[RCLEGEE (74)

is A*. This minimum is attained when W({) is the exact solution of (7-1) which satisfies
W =0 at {=0 and { = 1. An approximate value of A* can be obtained if a function
W,(¢) is taken which is an approximation to the exact W({).

We consider first the barotropic problem discussed in § 3 in order to assess the degree of
error in this approach to the problem. In the barotropic problem, by comparing (7-1)
and (8-1) with f2 neglected compared with 1 or a?R,, it is easily shown that

KO = 28 — exp— (R4 0lp), 10 =o. (75

In order to construct the approximate W function in this case it may be noted that { = 0
and { = 1 are simple zeros of W. When W vanishes (3-1) indicates that the second differ-
ential at such a point becomes large when fis small; near { = 0 it is easily shown that I is
of the form { exp ({mRy/2f), hence we assume that an approximation for W will be given by

W — CL(1—{) exp (mRy /%), (7:6)

where C is a constant. Equation (7-4) then gives the following relation for C:

—a0?[ p—grde =1, (1)
0
and the approximate value of R, will be given by
1 mR 2
R,= [ f1—2t+" A1 - de 78
o= 0 (1—2e+ "~} ag (%)

8 VoL. 249. A.
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By eliminating C between (7-7) and (7-8) we obtain
1 1 2
e[ ea-grac [ -2 im0 - ) dg = o, (79)
0 0 of
and upon integration this gives
m2R%,
a’R,+ TE H110=0. (7-10)

This must be compared with (8:5), with n = 1, and it will be observed that the only depar-
ture is in the final term where 10 has replaced 72 (= 9-8696). Thus the error is about 14 9%,.
This method gives of course the first eigenvalue only, but in the present problem it is only
the first eigenvalue which is of any interest.

We consider now the general case, and by comparing (7-1) and (2-49) we have

(§) = Ais7HE— L) 72 (o)~ (E— L) ™o,

25k(0)
g(g) = s/{ § 2 { (7.11)

Ko=ﬂiu&

where s, s’ and A, are defined in (2-37), (2-38) and (2-46) and a,, 4,, a, are given by
ia? a*  a?\?
ay = (1 +2RH€2)/{( +Km) (ﬁ”‘ﬁ) },

o=l 2
m m—2

= mf |y + yar(-""5) .

We proceed upon the assumption that K = R, so that we have

ia?
a2=a3=a4=m/{m—2f—!—F}; (7-12)

hence in this case we have, apart from an arbitrary constant factor which is of no con-
sequence here
q s k(Q) = - 51z,

g(g) — _aZ/IE-azS—l—az’ (7.13)
[({) = a?A7o2s1 -,
since s = 5" when K = R. Ultimately, in order to obtain the wave-velocity formula, R will
be made to tend to infinity in which case 4, tends to m/(m—2f), and thus for the west-east
moving waves ( f<0), it follows that 0<<a,<1; in this case s vanishes at { = {, = —f/mRy,

and it is evident that some difficulties are going to arise in the integration through { = {,,.
The approximating function for W will be chosen to be simply

W= cg(1—0), (7-14)

since this satisfies the boundary conditions, and it is clear from the nature of the problem
and also from the barotropic and baroclinic solutions already investigated that W has no
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singularities or zeros at any point of the range 0<<{< 1. From (7-8) it is clear that we now
have the following integrals to evaluate:

L= [ Armstom(1—20)2dg, (7:15)
I~ [ dmstom - 024, (7:16)
I, - f: Nmsia (1 0)2dg, (7-17)

and it then follows that the required approximate eigenvalue for 1* = R, is given by

@R, I;+1,+a?l, = 0. (7-18)
In order to clear up certain integration difficulties it is useful to repeat here the modified
baroclinic problem which has been discussed in detail in § 4, and this will serve to indicate

also to what extent (7-14) is a reasonable approximation to W. In this case we take A, = 1,
a, = 1 and the I, term is completely ignored ; this then arises from the following differential

equation: d 4w -
G |28 _ 2R -2 — 10
d{{s dC} a’R, s72W = 0, (7-19)
which is identical with (4-1). With the same assumptions the integrals to be evaluated are
1 1 »
I = f s2(1—20)2d¢, I, = f s=22(1—0)2de, (7-20)

0 0
where s is given b s = 1mR (§+_I___ia_2) = imR (C—C —iﬁ%) (7-21)

it #\> TR, 2R #\ST T gR)”

and 0<{,<1. Provided we retain the term ia?/2R in s no difficulty arises in the integration,
since the zero of s then lies outside the line of integration. When the integration is per-
formed in this way and we subsequently make R—>co we obtain

z;(—il_‘zs +4(2¢,—1) {hl (1 Eogo) +i77> s (7'22>

WL, = bl 4G 21— 6) (120 fin (Fp ) +in). (r2w)

—m*Ry I = 8—

If for the present we ignore the i terms in (7-22) and (7-23), it follows from (7-18) that the
required approximate relation between R, and {, is then

Ry 4ly 4G+ 2001~ ) (126 In (S79)) = s —s(2t—) 1 (),
| | | (7-24)

since I, is being ignored in this case. This relation has to be compared with (4-19) which
we can write in the form +a?R,(,(1—¢,) — aRE cothaR?. (7-25)

It may be recalled that (7-25) is the exact relation arising from (7-19). The curve of aR}
against {, has been given in figure 3, and the principal features of this curve are its symmetry
about the line {, =4, aR}! tends to infinity as {, tends to 0 or 1, and aR} = 2-40

when ¢, = 4. The curve of aRt against {, given by (7-24) has similar features, but when
: 8-2
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{, = % we now have aR} = 6% = 2-45. Thus, provided the in terms occurring in (7-22)
and (7-28) are ignored it is possible to achieve a similar result to the exact one, using (7-14),
which gives an error of about 2 %,.

It may be noted before proceeding any further that the results (7-21) and (7-22) for the
integrals /; and I, could be obtained also by making R tend to infinity initially, and in the
integration process we then avoid the singularity at { = {; by introducing a semi-circle
Iy:{ = {,+eel? (m<O<2n), which has its centre at { = {, and the path of integration from
{o—e¢ to {,+e is replaced by I',. The i terms in (7-22) and (7-23) then arise from the in-
tegration around I', when ¢ tends to zero. As we have noted above, in order to achieve the
same result as in § 4 it is necessary to discard the im terms; this is equivalent to taking the
“finite part’ of the infinite integrals (7-20) so that we effectively take the mean value of two
integrals to achieve the correct answer, and these integrals differ only in that the semicircle
around the singularity at { = {; is above the line in one case and below the line in the other.
A rigorous justification of this procedure is possible.

We are now in a position to extend the results of this paper beyond the baroclinic
investigation of § 4, and this will be done by investigating the integrals (7-15), (7-16) and
(7-17) in greater detail. The exact evaluation of these integrals is not possible in any simple
form, and it is necessary to consider simplified forms of the integrands which will emphasize
the different parameters of the problem. The modified baroclinic investigation of § 4 corre-
sponds to A; = 1, a, = 1 and J, being neglected. A case which is readily investigated is that
when A, = 1, a, = m/(m—2f) and I, is retained. The retention of 7, is equivalent to the
retention of the term ss’ in (R,4ss’) W in (2-49). The result is, however, not significantly
different from that given in (7-24) and will therefore be omitted. It has been pointed out
in § 6 that the presence of the singularity at { = {, may have an important bearing upon the
results of §4, and the remainder of this section will be devoted to an investigation of the
case in which this singularity is retained. For simplicity we now choose A; = 1— ({/{,),
where {, is given approximately by {, Ry(m—2) =1 (see (2-53)); we choose a, = 1 and I,
will be neglected. We then have to evaluate

1= f:rzu-zg)zdg, (7-26)

I~ [ -0 (127)

where s, as before, is given by (7-21) in the general case. It will be noted that as {, tends to
infinity this case becomes identical with that investigated in (7-20) et seq. The integral I
has been evaluated in (7-21) and we find that 7; is given by

—mRyI, = ¢ [Pln (1“‘:0) +an—€4—+R}, (7-28)

| G [A=y
S =T
Q= {g‘*(%:—g}z (7-30)
R = iy 80— Ho+ 80— Lo~ B, (7:31)
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and the ‘finite part’ has again been chosen. The approximate relation between R, and the
remaining parameters is a?R,I;+I; = 0, where [, is taken in the form

R — — ot 1844(2—1)In (1”50)». (7-32)

RIS Co

As in the previous case we see that as {, tends to zero or unity /; tends to o, while /; tends
to a finite limit, thus aR? oo as {,—0 or {,—1, just as in figure 3, while aR} attains a
minimum value at an intermediate value of {,. Since {, = 1/(m—2) Ry it follows that the
experimental values of {, will be fairly large, and when {, is assumed to be large it may be

. . . . 1
shown that the minimum value of aR?! is attained where {, = and we have

2 12,

(aRY) min. = 2'4(1 —%;). (7-33)

It then follows that the criterion (6-2) becomes changed approximately to

fonRe1+ 1R <1617,
T2

and inserting the approximate value {, = 1/(m—2) Ry this becomes
%y Ry(1+3mRy) <1-6. | (7-34)

Thus for m = 5, x,,, = 8-8 and the critical value of R, for instability is R, = 0-12 compared
with Ry = 0-13 in table 4, and it is evident that the results which are derived from (7-34)
are nearer the experimental figures quoted in this table (for m>2), although it must be
borne in mind that the latter refer to an experiment in which the liquid is bounded radially
by two cylinders, while (7-34) applies to a liquid which is bounded externally by one
cylinder only.

8. CONCLUSION

It is quite clear that the present theory establishes the inadequacy of barotropic theory
in explaining stability phenomena in the dishpan experiment and shows that baroclinic
theory, as yet in an approximate form, is capable of giving the main trend of the stability
results. A more detailed investigation of equation (2-49) is essential to obtain more accurate
quantitative results. However, even when this is accomplished the problem of incor-
porating the vertical acceleration term wdV,/dz remains, and it would seem that the phase
changes of the long waves in the vertical direction (which do not appear in the present
solution except when fis a complex quantity and the waves are growing or decreasing in
amplitude) are intimately connected with this term. Much of the theory can be carried
over into the corresponding atmospheric problem, and it throws some light upon the
changes which occur in the long-wave patterns of the upper part of the troposphere.
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